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Abstract
We prove that on any complex projective smooth fourfold F with N3eron–Severi group
NS(F)  Z, there are only 5nitely many components of the Hilbert scheme parameterizing
smooth surfaces not of general type. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: Primary: 14C05; 14M10; 14M15; secondary: 14J99
0. Introduction
A celebrated theorem of Ellingsrud and Peskine [9] says that there are only 5nitely
many components of the Hilbert scheme parametrizing smooth surfaces in P4 not of
general type. It is a rather natural question to ask whether a similar result holds for
some other fourfold F , rather than P4. Indeed this question has been considered and
solved for F a smooth quadric in P5, i.e. the Grassmannian G(1; 3), by Arrondo and
Sols [1].
In the present paper, extending the results quoted before, we prove that on any
projective smooth fourfold F with N3eron–Severi group NS(F)  Z, there are only
5nitely many components of the Hilbert scheme parametrizing smooth surfaces not of
general type (see Theorem 2.1 for a more general statement). Of course, our hypothesis
NS(F)  Z applies to a large class of fourfolds, so that we can deduce, for instance,
a boundedness theorem for surfaces on any F which is a complete intersection on a
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Grassmannian (see Corollary 2.3 and Theorem 2.4 for explicit bounds in the case F is a
hypersurface in P5). It is worthwhile pointing out the relationship of these results with
the ones in [8,13], in which one proves that there are no subvarieties not of general
type on a general complete intersection on a Grassmann variety of a suEciently high
degree (see also Remark 2.2(i)).
The proof of the main Theorem 2.1 develops along lines which are rather similar
to the ones of [9]. However, the application of the ideas in [9] to our more general
case is not at all automatic. Indeed we had to overcome several diEculties, essentially
two main ones. The 5rst one is solved by Lemma 1.1, a result of a topological nature,
which can be seen as an extension of the well-known fact that c2(NS;P4 ) = d2 for a
smooth surface of degree d in P4. This is suEcient to solve the case KF nef. The
second diEculty, which presents itself in the case KF not nef, consisted of the lack of
a Halphen-type bound for the genus of curves in any projective space. This we could
overcome by using results we obtained in previous papers [3,4,7].
In the circle of ideas considered in this paper, there is room for further interesting
questions and developments. We just want to indicate two of them now. First of all, let
us point out the intriguing relations with hyperbolicity problems indicated in Remark
2.2(i). Secondly, one is naturally lead to push this analysis further by seeking more
general boundedness theorems, say, for n-folds in m-folds with n¿m=2. The case
n¿ (m+ 2)=2 has been considered and solved by Schneider [12], if the m-fold is Pm
(see also [5] for the case of quadrics). The crucial case is n= [(m+ 1)=2], for which
we believe our approach can be useful.
We would like to thank G. Ottaviani for helpful discussions and suggestions.
Notation. Let X be any smooth; irreducible; projective variety over C. We will denote
by TX the tangent bundle of X ; and by KX a canonical divisor of X . If E is any sheaf on
X we denote by (E) its Euler–Poincar3e characteristic and by ci(E) its Chern classes.
As usual NS(X ) will be the N3eron–Severi group of X . As customary we abbreviate
numerically e2ective; for a divisor on X ; as nef. If Y ⊂ X is a subvariety; we denote
by NY;X the normal sheaf of Y in X .
If x is a real number, we denote by [x] the integral part of x. If f : N → N is a
numerical function, by O(f) we mean a function g : N→ N such that |g(d)|6Cf(d)
for all d∈N, where C is a constant.
1. Preliminary results
In this section we collect a few results which will be necessary for the proof of the
main theorem, to be presented in Section 3.
We start with a lemma of a topological nature concerning surfaces in fourfolds. It
can be seen as an extension of the well-known fact that c2(NS;P4 ) = d2 for a smooth
surface of degree d in P4.
First we set some notation which will be systematically used in the sequel. Let F
be a smooth, irreducible, projective fourfold over C. If H is any divisor on F and S
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is a smooth, irreducible, projective surface on F , we set
t := tH = H 4; d :=dH (S) = H 2 · S;  := H (S) = KS · H · S + d2 + 1:
If H is very ample and we embed F via the linear system |H |, then t is the degree
of F; d is the degree of S and  its sectional genus.
Lemma 1.1. Let F be a smooth; irreducible; projective fourfold and H an ample
divisor on F. Let S ⊂ F be a smooth; irreducible; projective surface. Assume that
S · H is a multiple of H 3 in H 6(F;R). Then
c2(NS;F)¿
d2
t
:
Proof. By the Hodge Index Theorem [11; p. 435; Theorem 5.2] we have
(S − (d=t)H 2)2¿ 0;
from which; taking into account the self-intersection formula; our assertion follows.
Next we need a lemma concerning Kags of varieties in a fourfold. This is an ex-
tension of a key lemma from [9], which can be proved by using Lemma 1.1 and a
similar argument in [9]. We leave the details to the reader.
Lemma 1.2. Let F be a smooth; irreducible; projective fourfold in Pr ; and S a smooth;
irreducible; projective surface on F. Let T ⊂ F be an irreducible threefold of degree
s on F; containing S and non-singular at the general point of S. Assume that T is a
multiple of the hyperplane section H of F in H 2(F;R); and that S · H is a multiple
of H 3 in H 6(F;R). Then
¿
d2
2s
+O(d):
As a consequence we have the following proposition which extends Proposition 2
from [7] (see also [2]).
Proposition 1.3. As in the previous lemma; let us consider the 8ag S ⊂ T ⊂ F ⊂ Pr .
Assume d¿s2− s and assume that the linear span Pk of S is the same as the linear
span of T. Then
(OS)¿
d3
6s2
+ O(d2):
Proof. By using arguments similar to those in [7, (1.1); (1.2)], one has
(OS)¿ 1 +
d−k+1∑
i=1
(i − 1)(d− ’(i))− (d− k + 1)
(
d−k+1∑
i=1
(d− ’(i))− 
)
; (*)
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where  is the sectional arithmetic genus of S and ’ is any numerical function bounding
from below the Hilbert function of the general 0-dimensional linear section  of S;
i.e. ’(i)6 h(i) for all i∈N. By our assumptions; we are in a position to take for ’
the numerical function h de5ned in [4; p. 231] (see [4; Proposition (4.2)]). Elementary
computations show that
d−k+1∑
i=1
(d− h(i)) = d
2
2s
+O(d)
and
d−k+1∑
i=1
(i − 1)(d− h(i)) = d
3
6s2
+ O(d2):
If we substitute these expressions in (*) and take into account Lemma 1.2; the assertion
follows.
2. The main theorem
Let F be a smooth, irreducible, projective fourfold over C. We will denote by S(F)
the set of all smooth, irreducible, projective surfaces contained in F . Let F be a subset
of S(F). We will say that F is bounded if there is an ample divisor H on F such
that
sup {dH (S) : S ∈F}¡+∞:
If we embed F by a very ample linear system of the form |mH |, this means that the
surfaces in F belong to 5nitely many components of the Hilbert scheme. In particular,
this de5nition does not depend on H .
The typical sets of surfaces we will consider are:
(i) for every real number a, the set S1(F; a) := {S ∈S(F) : K2S − 6(OS)6 a};
(ii) for every real number a, the set S2(F; a) := {S ∈S(F) : K2S 6 a(OS)};
(iii) the set S3(F) := {S ∈S(F) : S is not of general type}.
Notice that the sets S2(F; a) and S3(F) have been considered, in the case F =P4,
in [9], where their boundedness has been proved, for the former ones for a¡ 6.
Enriques classi5cation of surfaces implies that:
(A) if a6 6, then S2(F; a) ⊆S1(F; 0);
(B) S3(F) ⊆S1(F; 3).
Now we can state and prove our main theorem.
Theorem 2.1. Let F be a smooth; irreducible; projective fourfold over C. Assume that
NS(F)  Z; where NS(F) denotes the N;eron–Severi group of F. One has:
• if KF is nef; then for every real number a the set S1(F; a) is bounded. In particular;
S3(F) is also bounded and; if a6 6; the sets S2(F; a) are bounded; uniformly with
respect to a;
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• if KF is not nef; then S3(F) is bounded and; if a¡ 6; the sets S2(F; a) are
bounded.
Proof. Embed F in some projective space Pr and denote by H its general hyperplane
section; and by t its degree. Since NS(F)  Z; then there is a q∈Q such that
KF = qH
in H 2(F;R).
Moreover; we have
Claim 1. There is a p∈Q such that for every S ∈S(F) one has c2(TF) ·S6pH 2 ·S.
Proof. Let # be an integer such that TF(#) is generated by its sections. By [10] we
know that [c21(TF(#))− c2(TF(#))] · S¿ 0 for any S ∈S(F). On the other hand; since
c1(TF) =−qH; then one has c21(TF(#))− c2(TF(#)) = pH 2 − c2(TF); with p= 10#2 −
5#q+ q2.
Notice also that, by our assumption NS(F)  Z, by the Lefschetz Theorem on (1; 1)
classes and by the Hard Lefschetz Theorem, we have
Q  H 1;1(F) ∩ H 2(F;Q)  H 3;3(F) ∩ H 6(F;Q)
and so S · H is a multiple of H 3 in H 6(F;R), for every S ∈S(F).
Now, for every S ∈S(F), the normal bundle sequence implies:
c2(NS;F) + KS · KF|S − c2(TF|S) = 2(K2S − 6(OS)): (1)
Taking into account all previous remarks, (1) and Lemma 1.1 we deduce
d2
t
+ q(2− 2)− (p+ q)d6 2(K2S − 6(OS)) (2)
for every S ∈S(F). If in addition S ∈S1(F; a), one has
d2
t
+ q(2− 2)− (p+ q)d6 2a: (3)
Since ¿ 0, our theorem immediately follows in the case KF nef.
Now we turn to the case KF not nef, i.e. q¡ 0. First we prove the following claim:
Claim 2. If S ∈S2(F; a) for some a¡ 6 then (OS)6− [q=(12− 2a)]d2 + O(d). If
S ∈S3(F) then (OS)6− q=12d2 + O(d).
Proof. We prove the 5rst assertion. By (2) one has
2(6− a)(OS)6− q(2− 2) + (p+ q)d− d
2
t
:
Since q¡ 0 and 6d2=2 + O(d) by the Clebsch formula for the genus of a plane
curve; Claim 2 follows. The proof of the second assertion is similar and therefore we
omit it.
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Next, we set
s0 :=max{[− qt] + 1; t + 1}:
Then we prove the following:
Claim 3. For every real number a; the set F; of all S ∈S1(F; a) not contained in
any threefold T ⊆ Pr of degree ¡s0; is bounded.
Proof. Let S be in F. We may assume that ds0. Then S is non-degenerate; and
therefore also its general hyperplane section C is. By the lifting theorem of [3]; C is
not contained in any surface in Pr−1 of degree ¡s0. Hence; by the main theorem of
[4]; one has
6
d2
2s0
+ O(d):
Therefore; by (2) and since q¡ 0; we have
d2
s0 + qt
ts0
+ O(d)6 0:
By the de5nition of s0; the coeEcient of d2 is positive; whence the claim follows.
By properties (A) and (B) and by Claim 3, it follows that, in order to prove Theorem
2.1, it suEces to prove boundedness of the degree d of surfaces S ∈S2(F; a), for
some a¡ 6, or of surfaces S ∈S3(F), contained in some irreducible threefold T of a
5xed degree s6 s0. We may also assume that actually T ⊂ F , otherwise d6 ts0. At
this point we may suppose d large enough and therefore we meet the hypotheses of
Proposition 1.3. Hence by Claim 2 and Proposition 1.3 we conclude that d is bounded,
as we wanted.
Remark 2.2. (i) By using (3) from the proof of the theorem; one can prove the ab-
sence of surfaces in S1(F; a) for a0; when KF is nef. In our mind this reads as an
hyperbolicity property which would be interesting to explore further.
(ii) The same proof of Theorem 2.1 applies to prove that the set of all surfaces
S ⊂ F , not of general type and with a 5xed number $ of nodes, is bounded. More
precisely, one can replace S(F) (and accordingly S1(F; a), etc.) with the set of all
unrami5ed, birational maps f : S → F , where S is a smooth, irreducible, projective
surface, and f∗(S) · f∗(S) − c2(Nf) is a 5xed number 2$, where Nf is the normal
bundle to the map f.
From the previous Theorem 2.1 we deduce the following:
Corollary 2.3. Let F ⊆ Pr be a smooth; irreducible; projective fourfold over C; such
that NS(F)  Z (e.g. any smooth complete intersection fourfold on a Grassmann
variety). Then there is an integer d0 such that any smooth; irreducible; projective
surface S contained in F; not of general type; has degree d¡d0.
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Next we want to remark that from the argument in the proof of Theorem 2.1 one
can deduce explicit bounds for the degree of surfaces belonging to the bounded sets
appearing in the statement. These bounds depend on characters of the polarized variety
(F;H). We will not dwell on making these bound explicit in the general case. However,
just to give an idea, we indicate a result, possibly not the best one, concerning S3(F)
in the case of hypersurfaces F in P5. We omit the long, but straightforward, proof.
Put %=(t3−5t2 +9t)2 +8t(t−6)+24t and de5ne d0(t)= (t3−5t2 +9t+
√
%)=2, if
t¿ 6. Otherwise de5ne d0(5)=432; d0(4)=1536; d0(3)=2916; d0(2)=972; d0(1)=150.
Theorem 2.4. Let F ⊂ P5 be a smooth projective hypersurface of degree t. Let S ⊂ F
be a smooth projective surface of degree d not of general type. Then d6d0(t).
Notice that in the case F=P4, a better result, i.e. d6 52, has been found by Decker
and Schreyer [6].
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